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ABSTRACT 

Thecheory  associated  with  the  recursion  operators 
of  classes  of  integrable  nonlinear  evolution  equa¬ 
tions  in  2-*T  dimensions  is  summarized.  In  particu¬ 
lar  the  notions  of  symmetries,  gradients  of  conser¬ 
ved  quantities,  strong  and  heredicary  symmetries, 
Hamiltonian  operators  are  generalized  to  equations 
in  multidimensions.  Applications  to  physically 
relevant  equations  like  the  Kadomtsev-Petviashvi l i 
equation  are  illustrated.  Integro-differencial  evo¬ 
lution  equations  like  the  Benjamin-Ono  equation 
are  shown  to  be  also  described  by  this  generalized 
theory . 
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1.  INTRODUCTION 


In  recent  years  a  great  progress  in  the  understanding  of  the 
algebraic-geometrical  structure  of  integrable  nonlinear  evolution  equa¬ 
tions  in  l  +  l  dimensions  has  been  achieved.  A  central  role  in  the  theory 
is  played  by  an  integro-dif ferential  operator  $,  the  recursion  operator. 
t  possesses  an  algebraic-geometrical  property,  called  hereditary  '^or 
Nijenhuis  ^property,  and  then  it  generates  commuting  symmetries.  Moreo- 
ver:  i)  its  adjoint  $  maps  gradients  of  conserved  quantities  into  gra¬ 
dients  of  conserved  quantities;  ii)  #  admits  a  symplectic-cosymplectic 
factorization  and  then  it  generates  constants  of  motion  in  involution 
^  ;  iii)  $  times  the  first  Hamiltonian  0^  is  the  second  Hamiltonian 

2  ,  then  the  associated  evolution  equations  have  a  b< -Hamiltonian  -fi 
nature,  a  fundamental  property  underlying  integrabi lity  . 

The  general  theory  of  recursion  operators  and  their  con¬ 
nection  to  a  bi-Hamiltonian  formulation  in  1+1  dimensions  has  been 
developed  by  Magri  2\  Gei'fand  and  Dorfman  5^and  Fokas  and  Fuchssteiner ^ 
An  analogous  theory  for  integrable  evolution  equations 
in  2+1  dimensions  has  net  been  developed  prior  to  our  work.  In  parti¬ 
cular  no  example  of  multidimensional  recursion  operator  was  known 
(  apart  from  very  special  cases,  like  the  2+1  dimensional  Burgers  equa¬ 
tion,  that  can  be  linearized  through  a  generalized  Cole-Hopf  transfor¬ 
mation  6^).  Various  and  interesting  efforts  to  obtain  recursion  opera¬ 
tors  in  2+1  dimensions  were  made  for  instance  in  7,*\  and  essentially 


showed  that  recursion  operators  of  a  certain  form  do  not  exist.  It  is 
interesting  to  notice  that  a  similar  situation  was  known  for  integro- 
differential  equations  in  l  +  l  dimensions  *\like  the  Benjamin-Ono  equation 

q  -  Hq  +  2qq  ,  H£(x)  ?  "~l  7  dx ’ (x ' -x) _l f (x ' ) .  (1.1) 

t  XX  X  -  oo 

In  this  case,  in  order  to  bypass  the  absence  of  the  recursion 

operator,  an  alternative  approach,  the  so-called  master-symmetries  ap-^3 

proach,  was  introduced  to  generate  commuting  symmetries  Such  an  -3 

approach  has  been  later  successfully  used  in  2  +  1  ‘°^and  in  l  +  l  1 

dimensions,  as  well  as  for  finice  dimensional  systems  1  1  ^  •  t\QA  v 
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After  the  discovery1  ^  of  the  recursion  operator  $  and  of  the 

(1)  (2)  1  2 

two  Hamiltonian  operators  3  and  3  associated  with  che  Kadomtsev- 

12  12 

Pecvieshvili  (K?)  equation 


q  -q  6qq  *  3a^D  ^q 

t  xxx  ^x  Hyy 


(1.2) 


we  have  developed  the  theory  associated  with  these  operators  1  S'1  and 
applied  it  to  two  explicit  examples:  the  classes  of  evolution  equations 
associated  with  (1.2)  and  wich  the  Davey-Stewardson  equation 

iqt+  2(qxx*a2V“  q(U  ~  lqf2)*  uxx'  a\y"  2  *q  tx'  (1'3) 

In  particular , in  Ref. 14,  i)  we  present  a  systematic  derivation 
of  the  recursion  operator  $  from  the  underlying  spectral  problem. 


ii)  we  show  that  $ 
(■)  1  2 


1  2 


generates  (  what  we  call  )  extended  symmetries 


(m) 


of  conserved 


a  '  '  and  its  adjoint  generates  extended  gradients  y 

^  2  ....  (m)  .  ,.i  2 

quantities,  m)  we  show  that  a  (Hi.^)"  0  are  Backlund  Transforma¬ 
tions  (BT)  and  a  ^ “  a  and  y  y  are,  respectively, 

li  l  2  1  yi“  Y\  it  i  2  Yim  Y  i 

commuting  symmetries  and  gradients  of  conserved  quantities  in  involution 

for  che  associated  class  of  equations.  In  order  to  deal  with  the  "extended" 

objects  of  this  theory,  i)  we  introduce  a  novel  (operator)  directional 

derivative,  ii)  we  deal  with  a  Lie  algebra  of  operators,  as  opposed  to 

a  Lie  algebra  of  functions.  In  Ref. 15,  exploiting  che  richness  of  this 

operator  Lie  algebra,  i)  we  generate,  via  $  ,  time-dependent  symme- 

1  2 

tries,  ii)  we  use  an  isomorphism  between  Lie  and  Poisson  brackets  to 

show  that  all  these  symmetries  correspond  to  extended  gradients,  and 

hence  give  rise  to  conserved  quantities,  iii)  we  show  chat  che  already 

known  master-symmetries  are  connected  to  these  symmetries,  and,  since 

they  correspond  to  gradients,  they  cannot  be  used  to  generate  $  ; 

...  12 

tv)  we  find  a  non-gradient  master-symmetry  chat  can  be  used  to  generate 

♦  ,  v)  we  finally  motivate  and  verify  some  of  che  aspects  of  this 

generalized  theory  by  establishing  thac  equations  in  2+1  dimensions  are 

exact  reductions  of  certain  nonlocal  evolution  equations,  whose  algebraic 

properties  are  rather  straightforward. 

In  this  note  we  essentially  present  a  summary  of  che  results 


1  1  •  1  «  •  1  l  ' 


contained  in  1 ’  * ' 1  '  ,  referring  co  chese  papers  for  proofs  and  details. 
We  add i c lona  1  ly  exhibit  the  recursion  operator  of  the  Benj amin-Qno  (BO) 
class,  showing  chat  mtegro-dif f erential  equations  in  1*1  dimensions  fit 
into  this  generalized  theory  1  6  ^  . 


2.  ALGEBRAIC  PROPERTIES  IN  2*1  DIMENSIONS 

We  consider  evolution  equations  of  che  form 
dc“  Kf <q)  . 

where  q  is  an  element  of  some  space  S  of  functions  on  Che  plane  vanishing 
rapidly  for  jxj  , jy|  *  ®  ,  and  K  is  some  differentiable  map  on  this  space 
(  for  convenience  independent  of  x.y.C  ).  We  use  the  KP  equation  (1.2) 
as  an  illustrative  example. 

2.1  Representations  Of  Integrable  Equations  In  2*1  Dimensions 

Incegrab le  equations  in  2*1  dimensions  belong  to  some  hierarchy 
(  generated  by  a  recursion  operator  i  );  fundamental  in  our  theory  is 

l  2 

to  write  these  equations  in  Che  form 


q.  »  S  fdy  6  ♦*  K°12-l 

1*-  ft  ip  ^  l  2  1  2  ^  ^ 


,  -  r  K-(n)  «  „(n) 

“n  L  dy2<5,.K12  ’  IC11' 


(2.L) 


where  i  *  5fy^~yO  denotes  che  Dirac  delta  function,  q^“  q(x,y^,t), 

i  *  1,2,  K  '  *  K^n  (q, ,q,)  e  S  and  }>  ,  R®,  are  operator  valued  functions 

on  S  .  Through  this  paper  m  and  n  are  non-negative  integers. 

For  example  the  recursion  operator  associated  with  the  KP  class  is 

♦ 

D'*  ql2*  ^2D"lql2D’1*  ql2  “  ql*  q2*  a(Di;  °2)*  (2>2) 

-1  x 

where  D  »  3/3  ,  D  *  /  dx'  and  D.-  3/3  ,  i  -  1,2.  This  operator  generates 

x  -«•  1  y i 

two  classes  of  evolution  equations  corresponding  to  two  different  star¬ 
ting  operators  R®., ,  given  by 


-  -1  - 


q  12  ’  fl12“  0ql2*  q  1 2°  q 


(2.3) 


Then  the  KP  equation  is  obtained  from  (2.1)  for  n  ■  l .  3-  1/2  and  ^*2*^12’ 
while  che  first  two  non  trivial  equations  of  che  second  class  (  R2,“  8,,) 


u  *  IP*  JRJVUIb'WUH  u«  u  wvm  ir«  M  wi 


(W 


I.V. 


Are 


q  „  *  aq  , 
t  y 

q  "  o(q 


xxy 


n  -  1,  8  -  1/4, 

„  ,  ,  -1  2-2 

*  4qq  ♦  2q  D  q  *  a  D  q, 


yyy 


),  n-2,  3, -1/8. 


(2.4a) 

(2.4b) 


The  recursion  operator  $  enjoys  a  simple  commucacor  re- 


l  2 


lation  with  h^-  hfy^-y,): 

h12J  ’  "  “hl2’  h12T  3h12'3yr 


(2.5) 


(ni  6  *a  K?„-l  -  Z  Sl(*)<in~LS  K®  -l,  where 


which  implies  that  6  K. -  -r  ,  *  -  u  j  , 

l  '  l  i  1 2  12  12  12  12  2»Q  l  u  i:  12 

5  »  9  5  /9y,.  Moreover  the  commutation  relation  of  R“,with  h,, 

12  12  1  ,  .  12  12 

implies  that  <5  K can  be  written  in  the  following  alternative 
form 


*  „(n) 

5,/l2  ■ 


,  n~2.^o  -2. 


E  b  .y  VK®  -0 

ImQ  12  1-  12 


(2.6) 


For  the  two  classes  of  equations  associated  with  the  KP  equa¬ 
tion  we  have  that 

3  -  -4a.  |>l2,  hl2  j-  0,  [  fl12.  h12  ]-  -  2bh[2.  3  -  3/2. 


if  K#l2-  »l2. 


(2.7) 


if  RUI2-  »l2- 


2.2 


A  New  Directional  Derivative 


In  ref.s  14,15  we  present  a  systematic  approach  to  derive 
recursion  operators  and  classes  of  integrable  2*1  dimensional  equa¬ 
tions  in  the  form  (2.1)  from  the  underlying  spectral  problems.  This  de¬ 
rivation  is  based  on  the  use  of  integral  representations  of  operators 
depending  on  q  and  9/9^.  In  the  KP  case,  for  example,  the  basic  operator 


q  -  q  +  9/9 

y 

appearing  in  the  underlying  spectral  problem 

w  *  qw  •  0, 
xx  ^ 

is  represented  by 


(2.8) 


(2.9) 


»- 


Vi:‘  (V  3DL)f  12~  ^dy3qL3f32*  (2‘l0a) 

where  g.^r  g(x,y .  ,y^  ,  t)  ,  i,j  -  1,2,3. 

The  above  mapping  between  an  operacor  and  its  kernel  induces 
a  mapping  between  derivatives: 

qid  i812  J f12*  ^dy3813f32*  (2.10b) 

where  q^  [g^  ] denotes  the  directional  d-derivative  of  the  operator 
d  **  ^ 

valued  function  q^  in  the  direction  g^*  Using  an  appropriate  bilinear 
form  (  see  (4.3a)  ),  it  is  possible  to  obtain  Che  d-derivative  of  the 
adjoint  q*  ■  q^-  of  q^  and,  consequently,  of  the  basic  operators 

<12-  qV  q7  = 


ql2  fg12  ^ f 12  “  ^dy3(813f32‘  f13832) 


(2.11) 


Since  $  and  are  polynomials  in  qr-% »  their  directional  derivaci.e* 

1 1  l  •  l  • 

$  fg,,]  and  f  g  ]  are  well  defined. 

,:d  -  12 J  12  -  12J 

The  d-derivative  is  a  novel  aspect  of  the  theory  in  2+1 
dimensions;  its  connection  with  Che  usual  Frechet  derivative  (  hereafter 
indicated  by  the  subscript  f  )  is  given  by  the  following  projective 
formula 


K12  |5i:812  K12f  i-g12  J-  K12  EglJ  *  K12  [g22  J’  (2'l2) 

d  E  „  9l  d2 

where  is  an  arbitrary  function  in  S  and  denotes  the  Frechet  de- 

q  . 

rivative  of  with  respect  to  q^,  i.e.  x 

*12  LgU  j  “  It  *12(V  Ggii*qj)  U  -0-  ^j-1*2^  (2-13) 

<U  - 

Operacor  valued  functions  on  S  for  which  d-derivacives  are  defined 
are  called  admissible. 


The  Lie  Algebra  Of  The  Starting  Symmetries 


7 


The  starting  symmetries  K®7  are  written  as  *l» 
where  R®.,  are  admissible  operators.  Crucial  aspect  of  this  theory  is 

that  Che  operators  R  ®,  accing  on  suicable  functions  H  .  belonging  to 

u  (1)  U  (l) 

the  Ker  of  the  first  Hamiltonian  operacor  0  (i.e.  such  Chat  0  H,-*0), 

1  I  2  1  + 

fora  a  Lie  algebra.  Then,  with  respect  to  the  1+1  dimensional  case  cha¬ 
racterized  by  a  Lie  algebra  of  functions,  equations  in  2+1  dimensions 
present  a  richer  algebraic  structure,  characterized  by  a  Lie  algebra 


of  operators. 


For  Che  equations  associated  with  the  KP  equation,  H^is 


an  arbitrary  function  independent  of  x.  i.e. 


Hl2“  H(yry2).  (2.14) 

and  che  Lie  algebra  of  the  starting  operators  and  8*ven  by 

u  ( ^  e  u(2),  .  u(2)  -  _o 


r«  ,  _«  r*  u' 1 '  «  ,  _o  u1- 1  < 

'S12  i2  *  S12H12  *  S12H12’  1S12H12’  H12H12  *  ”l2H12 ’ 

d  d 

tfl12H12’  5,12H12>J  -  ">i;S12H12’  (2 


(2.15) 


in  terms  of  che  Lie  brackecs  [_,]  d>  [_  .  ]  ^ •  defined  by 

rifU>  ,,<2)  i  i  r(D  llf(2)|  .  „(2)  rifU)i 

LK12  *  12  1  ■  K12  ,  1-12  J  i2 ,  L1^  J  ’ 


(2.16a) 


cl  d 

,  H(l)  H(2)T  •  ,  .  ,h(Oh(2)_  „(2)  (l) 

L  H12-  H12  it*  4  dy3(Hn  H32  H13  H32  K  {2‘16b) 


3.  SYMMETRIES  AND  HEREDITARY  SYMMETRIES 

3.1  The  Nocion  Of  Extended  Symmetries,  Connection  To  Symmetries 

And  Backlund  Transformations 

The  recursion  operator  #  generates  a  sequence  of  functions 
*  S  defined  by 

oU)r«  "  K*  -1.  (3.1) 

12  12  U  w 

These  functions  Live  in  che  extended  space  S  and,  in  order  to  give 
them  a  characterization  and  establish  their  connection  to  the  integra- 
ble  evolution  equation 


<1  m'*y2\tKi2m  Kir 

t  r 


(3.2) 


•'.V 


che  following  definition  is  introduced. 

De £ ini  cion  3 ♦  1 

The  function  0  e  S  is  called  extended  svmmetry  of  equation  (3.2)  iff 
i  2  - - - L- 


0  [k]  -  (  5  K  )  [  a  J  . 

i  i  f  *■  ■*  12  12  dL  l  2J 


(3.3) 


Remark  3 . 1 


i)  Definition  (3.3)  makes  sense  only  if  (  6  exists;  for  equations 

q,  -  /dy,  5  generated  by  ♦  ,  (  <$  K  )  is  well  defined 

1  R  2  1 2  12  11  12  l  2  12  d 

and  reads 


(5  kJ^)  -  (5  $n  K'.D-Eb  ,  ) 

12  12  d  12  12  12  d  £»o  n/  12  12  12  d 


(3.4) 


where  equation  (2.6)  is  clearly  used  to  write  5  K,„  in  admissible  form. 

1 2  12 

If,  for  example,  K°.,«  ®12  an<*  n“^  atu*  *  ’  we  have 


(  5  )  «  ■’D 

v  12  12  ’d  ~U' 


(3.5a) 


(«Od-  2(d3+6D(<’i^2)'3  a(D_1(<,l  'q2  >)^a(q1-q2)D"1(D1.D2)* 

1.,  2  yi  yz 

♦6  ao  (D^D2)  ) .  (3.5b) 

ii)  The  projective  property  (2.12)  implies  that  a ^  is  an  extended  sym¬ 
metry  of  (3.2)  iffO^  commutes  with  6  K^,  namely  iff 


\a  ,  6  K.,j  ,-0. 

'12  12  12  -  d 


(3.6) 


iii)  In  the  above  definition  we  assume  that  0  does  not  explicitely 

12 

depend  on  t,  otherwise  0  ,fKJ  should  be  replaced  by  /3t  +0  f  Kl. 

I  2  fU  *  12  l  1  £  L  ■* 

The  usefulness  of  extended  symmetries  follows  from  the  fact 
that  they  give  rise  to  symmetries  and  Baklund  transformations.  Precisely 
we  have  the  following 
Theorem  3 . I 

If  0  is  an  extended  symmetry  of  equation  (3.2),  then 

i)  0  -  0  |  is  a  symmetry  of  equation  (3.2),  namely 

1 2 1  y2*yi 

-SC°>, 18  <5'7i) 

ii)  the  equation 

°i2  "  °  (ql’q23  "  0  (3.7b) 

is  a  uacklund  transformation  for  (3.2)  where,  of  course,  q^  and  q2  are 


MV1 


/.V.V.V, 
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Are  now  viewed  as  two  different  solutions  of  (3.2). 


3.2  Strong  And  Hereditary  Symmetries 

The  introduction  of  che  d-derivative  allows  a  natural  genera¬ 
lization  of  the  notions  of  strong  and  hereditary  symmetries  in  2+1  di¬ 
mensions;  precisely  we  have  the  following 
Definition  3.2 

i)  The  admissible  operator  valued  function  $  is  a  strong  symmetry 


for  A  ^  iff 


1  2 


I  2 


dLA12  J  *  0*4.’  A12d  i' 


ii)  The  admissible  operator  valued  function  $ 
symmecry  iff 


1  2 


(3.8) 

is  called  hereditary 


*  [♦ 

lJd 


Remark. 


12  12  i 

3.2 


:12“  *i2  *l2  ^12  d ®12  is  syfflmecric  w-r.t.f12,g12.(3.9) 


i) 


Equation  (3-8)  makes  sense  if  the  d-derivative  of  A^2exists;if  A^is 
generated  by  an  admissible  operator  on  (  A^-  X^2  H^)  , 


then  A,-  is  admissible  and  A,,  .  •  ~  *  A  r 


12 


12 


linear  combination  of  admissible  functions  is  admissible,  the 


I2d  L 


H^2 .  Since  a 


equation  (2.6)  implies  that  5 


ii) 


l  2 


is  an  admissible  function. 


If  A,-«  6  K,~,  then  equation  (3.8)  reads 

LZ  i2  u 


*  [<]' 

1Jf 


|4  .(  5  K  , 

-12  121'“ 


>di  •°* 


(3.10) 


and  we  say  chat  $  is  a  strong  sytmnetry  of  che  evolution  equa- 

l  2 

tion  (3.2).  In  this  case  $  maps  extended  symmetries  of  (3.2) 

1  2 

to  extended  symmetries  of  (3.2). 

As  for  equations  in  1+1,  hereditary  operators  generate  infini¬ 
tely  many  commuting  symmetries;  we  have  precisely  che  following 
Theorem  3.2  ~ '  - — ** 

If  che  hereditary  operator  $  is  a  strong  symmetry  of  the 
starting  synsaetry  ^*2^12’  an<*  ^  the  starting  operator  R^2 
the  following  condition 


satisfies 


f  k”  H  ,  R  °,H  ,  1  -  0 

for 

Th(L) 

h(2)i 

L  1212  *  1212  J  d 

Li  2  * 

12  -* 

then  ■  $m  R.%-  1  are  extended  symmetries  of  every  evolution  equation 

l  2  1  Z  12 

(2.1). 

Corollary  3.1 

If  $  generates  two  classes  of  evolution  equations  correspon¬ 
ding  to  two  starting  operators  R  ^ •  given  by  8p  end  end  if 

and  fl  satisfy  a  Lie  algebra  of  the  type  (2.15,16),  then  $  m  S  •  1 
m  12  *  2 

and  $  H  ■  1  are  extended  symmetries  of  both  classes  of  evolution 
1 2  12 

equations  (2.1). 

It  turns  out  that  the  recursion  operator  (2.2)  is  hereditary 
and  is  a  scrong  sywmecry  of  the  starting  symmetries  (2.3),  then  it  fol¬ 
lows  thac  a^“  $  B  1  (  for  R_°  -  8,-  and/or  fl .  )  are  extended 

12  12  12  12  12  12 

symmetries  of  each  equation  of  the  KP  classes,  and  Theorem  3.1  implies 

that  o(n)  are  symmetries  and  o  ^m^(q.,qn)  “  0  are  BT  of  each 

ii  12  12  , 

member  of  the  two  hierarchies. 


3.3  Isospectral  Problems  Yield  Hereditary  Symmetries 

The  previous  section  illustrates  the  importance  of  here¬ 
ditary  symmetries.  For  equations  in  1+1  and  in  2+1  dimensions  isospe¬ 
ctral  problems  yield  hereditary  operators: 

Proposition _ 3 .  1 

Let 


fj  "  U(q,X  )V 


(3.12) 


be  an  isospectral  two  dimensional  problem,  where  q  is  an  operator  de¬ 
pending  on  q(x,y)  and  3  /3  y,and  X  is  an  eigenvalue.  Assume  thac  (C 
che  extended  gradient  of  X  (  see  (4.2)) .satisfies 


*!2(C  X>12’  U(  X)(CX  ^  12’ 


(3.13) 


Then  if  0 


4*  has  a  complete  set  of  eigenfunctions,  ic  is  heredi- 


For  example  Che  isospectral  problem 


associated  with  che  K P  classes  Implies  chac 


( C  )  •  v  v  * 

AJ12  12’ 


(3.15) 


where  v  is  a  solucion  of  v*  *  (q  -  a3/3  )v  •  iv  .  Since  b  ,  defined 

XX  y  i  i 

by  (2.2),  sacisf ies 


*,.wlV  4Xv1v2’ 


(3.16) 


ic  follows  chac  $  is  heredicary. 


4.  HAMILTONIAN  FORMALISM 

4.1  Bilinear  Forms,  Gradiencs  Of  Conserved  Quancicies 

Incegrable  evolution  equations  in  2*1  dimensions  posses 
infinitely  many  constants  of  motion  of  the  form 


I  -  cr  /  dxdy  o  -  cr  /,dxdy  dy 0 5  o  ,  (4.1) 

R-  1  u  (R ^  l  -  it  u 

where  3  ■  o(<?,.q->)  (Che  trace  operation  is  obviously  omitted  if  q 

12  1  L 
is  a  scalar). 

As  in  1*1  dimensions,  ic  is  more  convenient  to  deal  with  Che 
gradiencs  of  conserved  quantities;  in  this  case  che  double  represen¬ 
tation  (4.1)  of  a  functional  I  allows  Che  introduction  of  che  extended 
gradient  grad^L  and  of  che  gradient  grad  I  of  I,  defined  by 


rdi'l2J  "  cr  jyxdy^o  o  [»121  "  <  *radL21'  g12>  ’ 
IR  4  *  *  d 

rf 1 *11  l’  cr  /2dxdyl°ll  1  8lli  r  (  grad  l'  gll 
H  f 

where 

<  8 12 ’  f12  >  "  Cr  ^3dxdyldy2821f 12’ 

T\ 

(  gu.  fLl  >  ■  tr  ^2dxdyi8n£ir 


(4.2a) 

(4.2b) 

(4.3a) 

(4.3b) 


are  che  proper  symmetric  bi'l inear  forms  coupling  arbitrary  elements 

v  df  ^  M 

S S,  f .  -  £  S  and  g  «=•  S,  f  s  S  respectively  (  S  and  S 


are 


12  ~  "  ‘12  ~  “  -  "  S11  ’  *  11 
obviously  the  duals  of  S  and  S  ). 

|(  4 

If  L^  and  L  denote  the  ad  joints  of  che  operator  valued 


functions  L^  and  L  on  S  and  S  with  respect  to  the  bilinear  forms  (4.3a) 


and  (4.3b)  respectively,  namely  if 


V.N 

% 


>;> 

w» 


y. 


.  a 
1 


i| 


12 


<  Lf.«1 


l  • 


(  L  g 


P  \ 

L I  ’  *"  1 L J 


12  12 


(  8U  •  Lfll)  ' 


(1.4a) 

(4.4b) 


then  one  can  prove  the  following 
Ptodos i cion  4 . I 


i) 

ii) 


and 


v 


1 1 


are  extended  gradienc  and  gradienc  functions  respe¬ 


ctively,  iff  y  -y  and  y  -  y 

ltd  1  2  d  1  1  f  1  1  f 

If  y  is  an  extended  gradient,  then  y  is  a  gradienc  corres- 
12  ii 

ponding  to  the  same  potential,  namely  if  y  •  grad,. I,  then 

1 2  12 

v  “  grad  I. 

l  i 

If  a  functional  I  is  conserved  with  respect  to  the  evolucion  equa¬ 
tion  (3.2),  chis  corresponds  to  the  mathematical  nocion  of  conserved 
covarianc. 

Definition  4.1 

The  function  y  is  an  extended  conserved  covariant  of  (3.2)  iff 
1  2 

'*r  1  i  0.  (4.5) 


is  a  con- 


Then  we  have  the  following 
Proposition  4.2 

i)  If  y  is  an  extended  conserved  covarianc  of  (3.2)  ,y 

12  11 
served  covarianc  of  (3.2),  namely 

Y  rK  ]  *  Kn*r  y  ]  “0.  (4-6) 

iif1-  1 1 J  Ilf  1  1 1-“ 

ii)  If  che  functional  I  is  a  conserved  quantity  of  (3.2),  then 

y  »  grad. -I  is  an  extended  conserved  covarianc  of  (3.2). 

1  2  12 

Conversely,  if  y  is  an  extended  conserved  covarianc  of  (3.2) 
1  2 

and  it  is  the  extended  gradienc  of  a  functional  I,  then  I  is 

a  constant  of  motion  for  (3-2). 

As  an  illustration  of  che  notions  presented  in  chis  section, 

we  have  that  che  functionals  I.  defined  by 

J 

V  ittftt  \!j*“  •  j-0-1- 


where 


1  2 


D  K12-  1  .  Rl2-  &12  and  fl12. 


(4.7) 


(4.8) 


13 


are  constants  of  mocion  of  the  KP  hierarchies,  corresponding  tc  che 
extended  gradients  of  conserved  quantities 

y(j)-  grad  I.  -  D-1  0J  R  °  -1  ,  j-o,l.  (4 

12  1*  J  1 2 

*  K  + 

Moreover  q^  “  *  q^.  c^en 

**r  °2  *  D_Lqi2D *  <2  +  D"lqi2D‘lqi2-  ( 

4.2  Bi-Hamiltonian  Structures 


(4.10) 


The  existence  of  a  recursion  operator  for  2+1  dimensional 
systems  allows  a  characteriiation  of  their  bi-Hamiltonian  nature.  The 
"extended  nacure"  of  the  operators  we  are  dealing  with,  leads  to  a  defini¬ 
tion  of  Hamiltonian  system  in  an  "extended  sense". 

Definition  4,2 

An  equation  (3.2)  is  of  a  Hamiltonian  form  (  or  is  a  Hamiltonian 
svstem  )  if  it  can  be  written  as 


q,  -  ^dy  50  y 

t  R  1  12  12  l: 


(4.11) 


where  v  is  an  extended  gradient  function  of  the  form  y 

'  l  2  _  12 

and  0  is  a  Hamiltonian  operator,  i.e. 


12  12 

3  satisfies  the  Jacobi  identity  w.r.t.  the  bracket 

1  2 

*12,b12,C12;  r  <  al2  ’  0W  dCVl2I  Cl2  >  ' 


Y  •  1 

l  2 


(4.12a) 


(4.12b) 


The  associated  Poisson  bracket  of  two  functionals  1^  and  I^is  given 


{  I(1),  I(2)}  r  <  grad12I(1),  0^  grad12I(2)> 

9  D  and  Q^“  $  D,  where  $  is  defined  ir 


(4.13) 


9  ■  D  and  Q  *  $  D,  where  $  is  defined  in  (2.2),  are  exam- 

12  12  12  12  (0)  -l 

pies  of  Hamiltonian  operators.  Then,  since  y  »  D  fl  _•  l  and 

(1)  -1  12  12 

Y  •  0  >  1  are  extended  gradients,  the  KP  equation  has  a  dou- 

l  2  1  2  12 

die  Hamiltonian  structure  (  is  a  bi-Hamiltonian  system  ): 


q,  -  /dy  6  0(U  Y(°  -  /dy,5  0(2|(0)  . 

t  (R  1  1  2  12  12  JR  *  *  *  12  12 


(4.14) 


A 

5 

14 


t 


As  in  1*1  dimensions,  the  existence  of  a  compatible  pair  of 
Hamiltonian  operators  plays  a  fundamental  role  in  the  theory,  emphasized 
by  the  following  Theorem 


Theorem 


Let  ♦  uG  v  '  b. 

12  in..  •  (2)  ( n  -i 

values  of  v  .  Assume  that  Q  is  invertible.  Define  $  *  Q  (0  )  , 

O  (  l  )  —  l  O  t  12  12  12 

Y  “  (0V  ' )  a,..  Assume  that  the  operator  $  is  a  strong  symnetry  for 

12  12  l  ^  1  2 

the  starting  symnetry  R^H^  that  satisfies  (3- 11) ;  further  assume  that 

y  °  H. .  is  an  extended  gradient  function.  Then 

1  2  1^ 

i)  Equations  (2.1)  are  bi-Hamiltonian  systems. 

ii)  $  is  hereditary.  ^ 

iii)  K^«  $  “fc  •  1  and  -  (®  *  )m  y  0  ■  1  are  extended  symmetries 

12  12  12  12  12  12 
and  extended  gradients  of  conserved  quantities  respectively  of 

equations  (2.  1) . 

iv)  K  and  y^m^  are  symmetries  and  gradients  of  conserved  quantities 

U  ii 

in  involution  for  equations  (2.1),  namely 


be  a  Hamiltonian  operator  for  all  constant 

~  (1)  •  ; _ (2)  ,.  ( 1 


Y  ^  (0tW) 

12  12 


„(m)  r  (n)  l  „(n)  r„(®)l 

Kll.  1*11  i  ^IL  l*  111  * 

f  f 


(  1(">.  I(">!  .<{  y ln>  >  •  0.  a  -  a11’  o 

1212  1212  12  12 

Y(J)  *  grad  I(j). 

/  _  \  l  2  /  _  \  ^ 

(q^.q-,)  “  0  are  auto-BT  for  equations  (2.1) 


(4.15a) 


0,0-  0(1)  or  0(2) , (4.15b) 
12  12  12 


(4.15c) 


Remark  4. I 

If  $  -0  0^^)'i  where  0  ^  and  0  ^  are  skew-symmetric, 

/ 1  i  2  12/i\  l2  12  12  / 

then  4>  0^  '  -  0^  '$*  (  the  operators  $  and  0  are  well 

1212  1212  12  12 
coupled  ). 


The  hypothesis  of  Theorem  4.1  are  satisfied  by  the  Hamiltonian 
operators  0^,  0  ^  and  by  the  starting  operators  R  -  and  fl. .  of  the 

1212  It  It 

KP  classes;  then  they  enjoy  the  propetries  i)-v). 


OTHER  ASPECTS  OF  THE  THEORY 


y*y, 
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5.1  Time  Dependent  Symmetries,  Connection  To  Master-Symmetries 

In  order  to  investigate  the  propeicies  of  time  independent  com¬ 
muting  symmetries  of  Che  incegrabie  evolution  equations  (2.L),  one 

l 

uses  only  special  choices  of  H  (  given  by  H  1  and  <5  )  for  which 

1^  1 1 

the  Lie  algebra  of  the  scarcing  symmetries  is  abelian.  More  general 
choices  of  make  Che  Lie  algebra  of  the  scarcing  symmetries  non-abe- 
lian  and  give  rise  to  time  dependent  extended  symmetries. 

A  time  dependent  symmetry 


a  -  i  cJ  EVJ' 
j-o 

of  equation  (3.2)  must  sacisfy  che  following  equations 


E(j)- 

1  r  _(j-l) 

1  2 

J  L  “l  2 

f - » 

K»  *1 

5i:  *^12j  d 

(5.1) 


(5.2a) 


lz;/>  *l2  ^  d-°-  <5-2b> 

This  implies  that  constructing  a  symmetry  of  order  r  in  time  is  equiva- 

s  c 

lent  to  find  mg  a  function  £(0)  with  che  propercy  chac  its  r+1  Lie 

l  2 

corsautatot  with  5  K,_  is  zero.  Considering  the  K?  class  and  using  the 

12  1* 

structure  of  else  Lie  algeora  (2.15,16)  and  equation  (2.6),  ic  is  possi¬ 
ble  to  showtsrc -dependent  symmetries  of  order  r  are  generated  through 
equations  (5.2)  starting  wich 


where  fc. 


(0)  (m.r)  i  *  m  e  « H(r> 

-  T  •  $  K 1 2  H  i  2  ’ 

12  U  W 

and/or  51  ,,  and  is  defined  by 

„(r) •  ,  ^  , r 

H12  ’  (Vy2}  • 


(5.3) 


(5.4) 


or,  more  generally,  by  any  homogeneous  polynomial  of  degree  r  in  y^and 


y-.  For  example  a  given  by  (5.1),  wich 
£  1  2 


r  (0)  m  _ o  u(r) 

•  ♦„  "u"u  • 


(5.5a) 


.  (m*jn-  r(2s  *1))0  (r-  I, (2s  +1)3-  ,w\ 

v(r  ,j  ,s)  t  I  a"l  l  ,  (5.5b) 

“  s, _ s.-O  41  14 

l  j  .  .  .  i 

J  L  j  r- 

v(r.j.s)  •  -Uf'(  a  9(r-  £  (2s  »!>))(  E  b  ,  .) - ; - ,(5.5c) 

y-l  l-l  1  i-l  °*‘Vl  (r-  i  (2s  *1))! 

£-1  4 
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:i 

1 

til 

li 

■  A  C 

n 


r  l ,  a  >0  ,  .  r (n-1) /2 ,  a 

H  ~  Pn*  f 

lo,  a  <0  ,  l(n-2)/2,  n 


(n-L)/2,  a  odd  i  (-4a  )*(")  , 

(n-2)/2,  n  even 


(5. Sd) 


is  a  cine  dependent  excended  symmetry  of  order  r  of  equation  (2.1)^, cor¬ 
responding  to  The  discovery  of  Che  existence  of  a  heredicary 

operacor  2  ,  together  with  the  structure  of  the  Lie  algebra  of  the 

starting  symmetries,  allows  a  simple  and  elegant  characterization  of 


che  2-L  dimensional  master-syramecries  .  Here  we  briefly  remark  that 


_ (m, r) •  . ,  .  (m,  r) 

T  «  Jdy,  a  T 


are  the  so-called  mascer-syamecries  of  degree  r  of  KP  1  . 


Gradient  And  Non-Cradient  Master-Symmetries 


Using  an  isomorphism  between  Lie  and  Poisson  brackets  and 


the  Lie  aigebra  of  che  starting  synmecries  it  is  easy  to  pro 


vc  that  (  9^^)  ^  2  m  R,°-H  are  extended  gradients.  This  implies  that 

i ;  i ;  1-  1- 

the  excended  symmetries  associated  with  them  give  rise  to  conserved 


quantities.  For  example,  the  t-dependenc  synmecry 


fi:  ’  ai2,(yry2)  *  tl2a  S[r1'1 


2  ^1 

of  che  K?  equation  q  *  2(q  ♦  6qq  «■  3  q  )  corresponds  Co  the 

C  x  x  x  x 

extended  gradient  D  7  ,  then  it  gives  rise  to  che  t-dependent 


conserved  quantity 


/  dxdv  (  — - -  ( D ~  ^ ( 1  ^  (v  -v  ))  * 

R: V  2  ( 2a* 3 )  ^ J  nl2  ^yl  y2;;y,»y1 


(D~ L) 


m*2  12  y  -y 


Since  the  master-symmetries  T^m’r^  are  relaced  to  these  gra¬ 


dients,  chey  cannot  be  used  to  generate  2  .  Nevertheless  non-gradient 


master-symmetries  of  2*1  dimensional  equations  exist,  for  example 


Tp*0  ‘5  is  a  non-gradient  master-symmetry  of  the  KP  classes,  sati¬ 


sfying  che  following  equation 


^  n  —  °  1  ci*  1  —  0 

'-VAl'1-  Ti:  Id  ■  bn  'l2  l- 


M  Vjv 


where  b  -  -»n  and  2(2n**l)t  if  ”,  ^  and  3  respectively, 

n  q)  _L  --  l-  1-  ' 

Since  (3  )  T  ,  is  noc  a  gradienc  function,  T  can  be 

l  2  l*  -  12 

ueed  to  generace  b  ,  exactly  as  in  1*1  dimensions,  through  the  for* 


3  5“  T  *3  (l)T  (  gP)"1. 

ud  la  i2d  l. 


(5.10) 


The  existence  of  the  T  mas  ter -symmetry  finally  implies  a 
simple  derivation  of  the  equacion 

t  1  .  .  ,  (n*l) 

1  “  Z - /  -dxdy  v  ,  (5.11) 

n*l  R  1  11 

where  I  is  Che  potential  of  y"  (  y  «  grad  I  ),  and  p-P 


-  (  *‘)J  3'L^,a,-l. 


u  it 


12  12*- 


6.  THE  BENJAMIM-0N0  CLASS 

The  remarkable  connections  (  algebraic  and  analytical) 
between  the  K?  and  the  30  equations  are  also  confirmed  by  the  fact  chac. 
although  the  30  equacion  is  a  1*1  dimensional  system,  its  recursion 
operator  lives  in  an  extended  space.  In  fact  it  is  possible  to  show  chac 
the  30  class  can  be  represented  in  che  following  way*  •  ^ 

q,  *  3  _  /<*x^  $aq’  -l.  (6.1) 

C  n  R  ‘  L" 

where  5  ■p(x,-x,).  The  hereditary  operator  5  is  defined  bv 

1  2  *  *  l  2 

5^“  3^2”  ^12^’  ^12*  <^i~^2*'‘^l*^2^  ’ 

qi"  D^“9/Sx^.  i-l  ,2 ,  (6.2) 

and  Che  operator  H,  whose  action  is  defined  on  functions  f^“  f(x^.x^) 
of  che  type 


fl2“  al*  b‘>*  C'’’  H’ c’ 


12’  ri2  ‘2  12’ 


(6.3) 


is  given  by 


Hfl2"  HlV  H2b2*  Hlc  12  ' 


where  H.,  i  —  1 . 2 ,  is  che  Hilbert  transform  with  respect  to  che  variable 


w?:v 
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H .  g .  .  •  n  1  /dx!  (x!-x. )  lg(x.',x.),  if  j  .  (6.5) 

LlJ  ^llL  1J 

It  is  possible  to  show  that  all  the  extended  symmetries  a  ^ 

1  2 

generated  by  $  : 

l  2 

a(j)*$jq‘l  (6.6) 

12  1  2  12 

are  functions  of  the  type  (6.3),  then  formula  (6.1)  is  well  defined. 

The  BO  equation  (1.1)  corresponds  to  n"2  and  30"(4i)  .  One  can  show  that 

the  algebraic  properties  of  the  BO  class  (6.1)  are  described  by  the 
generalized  theory  summarized  in  this  paper. 


r.**» 
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